Abstract-We study the problem of minimizing the power generation cost and peak-to-average (PAR) of sources' energy production for a network of multiple energy sources. We consider a power distribution network in which each load is connected to multiple sources and, depending on network connectivity, can be fed by more than one power source. We assume that the power generation cost changes from one power source to another. We also assume that the power generation cost for each source is a function of its load. Based on the network model and assuming the power consumption schedule for all the loads is available, we then introduce two different optimization problems to minimize the overall cost of energy production throughout the network and to minimize the PAR of sources' energy. We also introduce a hybrid optimization problem that combines the energy production cost and PAR objective functions with a proper wight. By solving these optimization problems using convex optimization techniques, we find out the best load sharing schemes that minimize the derived objective functions. In practice, each load shares its consumption schedule hourly (or daily) with the central power network administrator over a wired or wireless area network. This information can then be used to solve the formulated optimization problems. Simulation results confirm that the resulting load sharing schemes bring about significant reduction in the energy production cost as well as the PAR of the required generated energy throughout the network.
I. INTRODUCTION
Electrical energy is a form of energy that is difficult to store in bulk. After generation, it must be taken to the point where it needs to be used. Consequently, in the generation and distribution of electrical energy, source-load management is an issue that continuously concerns the power network operators. Failure in providing a source-load balance in the network will cause system instability and blackouts. In case that the overall system load approaches or exceeds the maximum generating capacity of the network, the network operator should either find additional supplies of energy that requires introduction of distributed energy resources (DER) or find ways to limit the increasing load demand. The former option requires smallscale power generation technologies typically in the range of 3 kW to 10,000 kW to provide an alternative or an enhancement to the traditional electric power system. Limiting incoming demand seems partly feasible by introducing policies such as variable pricing schemes that encourage lower consumption while penalizing excessive energy usage.
On the other hand, due to the rapid increase in the electrical energy consumption, the average retail price of electricity to the end consumers has been constantly increasing in the past few years. . Maintaining a proper source-load balance throughout the network, utilizing the limited network resources more efficiently and introducing variable pricing schemes are key elements to improve the efficiency of power networks and to control the cost of energy generation and distribution.
Researchers have extensively investigated the optimization of power generation and distribution networks. For instance, several studies have been conducted on the Demand Side Management (DSM) focusing primarily on the interactions between a utility company and consumers [3] - [6] . A variety of DSM schemes have been introduced to efficiently manage the use of energy in the network and to supervise residential and commercial loads [3] - [5] . In [6] , a software is developed to directly control the residential loads through communicating with the loads. This is sometimes referred to as Direct Load control (DLC). DLC is an approach for residential load management in which the utility company can remotely control the operations of certain appliances in a household. Several DLC algorithms have been developed to determine the optimal load control schedules of groups of domestic appliances [7] - [13] . The majority of these schemes are based on linear programming [7] , [9] , [10] , [12] , or dynamic programming [8] , [11] , and try to minimize peak load [7] - [12] or electricity production cost [7] , [8] over a certain time period. Several papers have studied the problem of Economic Dispatch that aims at minimizing the total cost of energy generation by either sharing the generation between generators or shifting generation from more expensive to less expensive sources [16] - [18] . Other studies suggest autonomous and distributed demand side management using two-way communication between consumer loads and the network [14] .
Introduction of two-way communication between loads and network has advanced smart grid technology to provide additional degree of flexibility in optimizing power networks. Using this concept, the optimal residential load control scheme introduced in [15] focuses on the integration of real time pricing (RTP) and inclining block rates (IBR) to achieve a desired trade-off between minimizing the electricity payment and waiting time for the operation of each load in the system. They developed an optimal consumption schedule to reduce the peak-to-average-ratio (PAR) of energy consumption for the loads in the network.
While the approach in [15] studies the cost and PAR minimization from the load side, it is also reasonable to consider the same problem from the source side. This approach is more effective to reduce the overall power generation and distribution cost and the sources' generated energy PAR in the network. Reducing PAR is important because it results in further efficiency, lower required network capacity, lower maintenance cost and longer life span of the power stations in the network [19] . In this paper, we put forward schemes to minimize the cost of energy production or the PAR for a multi-source power network. We consider a case where multiple sources are connected to the loads. Our approach is different from the Economic Dispatch problem [16] - [18] as it also incorporates the consumption schedule of the loads into the optimization problem and also takes into account the PAR performance of each source unit. We assume that each residential load is equipped with a smart meter with twoway digital communication capability connected to a smart power distribution system. The smart meters calculate and send their energy consumption schedule [14] to the central network administrator on an hourly (or daily) basis. We then develop a suitable system model that is used to formulate two constrained optimization problems to find the optimum load sharing scheme among energy sources to minimize (1) the overall cost of electricity generation throughout the network and (2) the PAR of the required energy generation. As a third optimization problem, we also consider a hybrid case in which the target function is the weighted sum of the cost and PAR minimization problems. This last optimization problem is useful when the focus is on reducing both energy generation cost and the PAR. The derived optimization problems are convex and we use non-linear programming techniques such as the interior point to solve it. Through simulation, we show that the proposed scheme can significantly reduce the cost and the PAR of electricity generation in a multi-source power generation and distribution network.
The rest of the paper is organized as follows. We introduce the multi-source power network model in Section II. The energy cost and PAR optimization problems and corresponding solutions are discussed in Section II. Simulation results are provided in Section IV and the concluding remarks are presented in Section V.
II. SYSTEM MODEL

A. Multi-Source Power System Model
A smart grid delivers electricity from suppliers to consumers, monitors the appliances' consumption and provides consumption guidelines and recommendations to consumers using two-way digital communications. Use of smart grids can save energy, reduce consumption cost and increase reliability of the existing power networks. Consider a smart power network with N loads and M sources (power stations) as shown in Fig. 3 for N = 4 and M = 3. We assume that every load is equipped with an energy consumption scheduling (ECS) device in its smart meter that announces its consumption schedule at each hour of the day h ∈ H where H = 1, 2, ..., h max is the scheduling horizon. For example, if the load scheduling is done on a daily basis, h max = 24. First, we define maximum source power vector, p, which contains the individual maximum generation capacity of the power stations in the system as:
. . .
We also define a load vector, l h , whose entries are the consumption schedule of the loads at hour h that should be sent to the network administrator on an hourly (or daily) basis to help in decision making as:
We define the load sharing matrix for hour h, X h , as:
whose entries, x h ik , represent the proportion of the total power that must be supplied to load i from source k during hour h ∈ H. In fact, x h ik shows the percentage of the total generation Figure 3 . A simple interconnected multi-source power network capacity of source k, p k that is used to feed the load k at hour h. These coefficients are depicted on the link connecting each source unit to loads as shown in Fig. 3 . To minimize the cost of electricity generation throughout the network, the entries of X h should be optimized for the entire scheduling horizon. Note that if there is no connectivity between a particular source and load, the corresponding entry in X h will be preset to zero to show no connectivity. Therefore, we can write the relationship between the load vectors, and the source power vector and the load sharing matrix for every hour, h ∈ H as:
Also note that for load i, the sum of individual powers supplied to it from the M sources should be equal to the load demand by that load at that hour h ∈ H; that is,
where x h ik p k is the hourly fraction of total energy delivered to a load i at each upcoming hour h ∈ H from the source k. We also define the total energy generated by source k at hour h as p
It is the total energy delivered from source k to all the loads.
III. PROBLEM SETUP AND SOLUTION
In this section, we define three different optimization problems based on the model discussed in Section II and solve them using numerical optimization techniques. The considered optimization problems are generation cost minimization, PAR minimization and also a hybrid cost function that include both generation cost and PAR. By formulating these problems and solving them, the optimum load sharing coefficients for each hour, i.e. X h , will be obtained.
A. Problem Setup 1) Generation Cost Minimization:
Although it is simpler to assume fixed per unit energy generation cost (in terms of cents per kWh) for all the sources, here, we consider a variable per unit generation cost for each source. The assumption of variable generation cost has been considered in other papers such as ( [18] ) where the generation cost of a source is a quadratic polynomial function of its power output. While our problem formulation is general and independent of the form of the unit generation cost function, in numerical result section we assume a two-step generation cost function for each source as:
where t h k is the threshold for source k at hour h, c 1k h and c 2k h are the unit generation cost if the required generated energy of source k is below or above the threshold t h k , respectively. Given a feasible energy scheduling set l h , and an RTP scheme given above, the key question is what should be the choice of matrix X h such that the total cost of energy production is minimized. From the cost function introduced above, the total cost of power production to feed all the N loads from multiple sources within the upcoming scheduling horizon is obtained as
where the cost function c k p h k is given in (6) . Having this cost function, we are now ready to formulate the energy distribution problem as the following optimization problem:
The PAR of energy generation for a source is an important factor in its efficiency, lifetime and long-term maintenance cost. Typical energy sources are more efficient and reliable at lower PARs resulting in lower longterm costs. The PAR of energy generation for a source is defined as the ratio of the maximum energy per hour generated by the source j to the average hourly energy generated by this source throughout the entire scheduling horizon H. Therefore, for the source j, we can write the PAR as:
To minimize the PAR, the following optimization problem should then be solved in order to find the optimum load sharing coefficients defined in (3):
3) Hybrid Optimization: Sometimes it is desirable to make a compromise between different measures in a power generation and distribution network. For example, it is possible to combine the generation cost and the PAR measures to set up a hybrid optimization problem to make a trade-off between generation cost and PAR as follows:
s.t.
where γ is a weight coefficient. Large γ means more emphasis on generation cost and less emphasis on the PAR and viceversa. In other words, larger γ makes the generation cost the dominant metric and the result of the optimization will approach to that of (8) and smaller γ makes the PAR dominant and the solution will approach to that of (9) . Note that although the optimization problem in (8) minimizes the cost of energy production, it does not necessarily minimize the long-term operation cost of the network. The overall cost is the function of both real-time energy generation and long-term maintenance and operation costs. (9) can be used to make a balance between these two different types of cost.
B. Problem Solution
In optimization problems of (8), (10), and (11), the connectivity coefficients are all positive. In addition, objective functions and conditions satisfy the convex optimization conditions. Therefore, these three problems are convex optimization problems and can be solved using constrained non-linear optimization or non-linear programming (NLP) techniques such as the interior point method [20] - [23] . In the next section, we use the interior point method to numerically compute the optimum solutions for (8), (10) , and (11).
IV. SIMULATION RESULTS
As a simple example, we consider a network of 3 energy sources and 4 loads. We assume that the cost of energy generation for each source is a two-step function as in (6) . We assume that the hourly (or daily) consumption schedules of all the loads are known a priori. The loads send their consumption schedules hourly to the grid operator via twoway communication and the operator perform the optimization to find the optimum load sharing coefficients that minimize the overall energy production cost or the PAR throughout the network.
In our simulation, we first generate the required amount of energy per hour for each load randomly for a 24-hour span. We, then, use non-linear optimization techniques to numerically calculate the optimum load sharing coefficients. In the first scenario, we consider the cost minimization problems in (8) . Based on the known load consumption schedule in a 24-hour span, we find the optimum coefficients using the interior point method. Fig. 4 shows the cost of energy production for a case that uses random arbitrary load sharing coefficients Figure 5 . PAR for the random and minimum cost load sharing schemes and the same cost when the optimum load sharing coefficients calculated using our proposed cost optimization scheme. The hourly cost for both cases is normalized to show their differences clearly. For comparison, we have also indicated the average cost of energy production over 24 hours in each case on the plots. As seen, for the first case the average cost of energy production is almost 25% higher than that of the optimized case. Also, we have calculated the optimum load sharing coefficients from the hybrid optimization in (11) with γ = 1 and plotted the energy generation cost for this case. As expected, the average cost in this case is slightly higher than that of the cost minimization problem in (8) but still a significant cost reduction is obtained compared to the case of random load sharing. Next, we study the PAR problem. We generate 15 different random scenarios in which the load consumption schedules are different. We, then, run the optimization to find the optimum load sharing for each scenario. In Fig. 5 , we have plotted the PAR as defined in (9) for the case of cost optimization in (8) and compared it with the case of random load sharing. For reference, we have also shown the mean of PARs of Figure 6 . PAR for minimum cost, minimum PAR and hyrbid load sharing schemes all the 15 scenarios. As shown, a PAR reduction of 27% is obtained. Therefore, we can conclude that the proposed cost minimization scheme will also reduce the PAR. Next, we consider the problem of PAR minimization in (10) . Using the proposed optimization scheme, we find out the optimum load sharing coefficients that minimize the PAR as defined in (9) using the interior point method. Fig. 6 compares the resulted PAR using this optimization with the PARs obtained from cost optimization and hybrid optimization load sharing schemes for each of these 15 scenarios. As seen, in all the scenarios the PAR has been reduced. This reduction is also reflected in the mean of PARs averaged over all these 15 scenarios. Using PAR minimization scheme, a reduction of 35%, 11%, and 5% in terms of the average PAR is obtained compared, respectively, to the cases of random, minimum cost and hybrid load sharing schemes.
V. CONCLUSION
In this paper, we proposed optimal load sharing schemes to minimize the energy production cost and the PAR in a multisource power network. Our proposed schemes assume that multiple sources connected to multiple loads in the network and that the loads send their consumption schedule to the network administrator on an hourly or a daily basis using twoway communication. The administrator then carries out the optimizations in (8), (10) and (11) to find out the optimum load sharing coefficients. We assumed a two-step generation cost function for each source. Simulation results verify that the proposed optimization schemes significantly reduce the cost of energy generation and the PAR in the network. The study in this paper can further be extended by integrating the physical loss factors resulting from power transmission lines in the network that may contribute to possible subordinate efficiency. By incorporating power loss and power delivery cost, the optimization scheme is carried out to give the best load sharing scheme in a more realistic setup. In that case, however, the network administrator needs to have not only the consumption schedule from the loads, but also the power loss estimates due to transmission lines.
